
Lecture 3 — Examples of Model Structures;
Quillen Functors and Equivalences

Examples: Top and sSet

Definition 1. Let Top be the category of topological spaces.

1. (Weak homotopy equivalences.) A continuous map f : X → Y is a weak
homotopy equivalence if it induces isomorphisms on the set of connected com-
ponents π0f : π0(X)

∼−→ π0(Y ) and on all homotopy groups,

πnf : πn(X, x)
∼−→ πn(Y, f(x)),

for all n ≥ 1 and all choices of basepoint x ∈ X.

2. (Generating trivial cofibrations; Serre fibrations.) Call

J :=
{
jn : D

n × {0} ↪→ Dn × I
}
n∈N

the set of generating trivial cofibrations. A Serre fibration is a map p : A → B
in RLP(J), i.e. every solid-arrow square

Dn A

Dn × I B

jn p

admits a lift.

3. (Generating cofibrations; relative cell complexes.) Call

I :=
{
im : Sm−1 ↪→ Dm

}
m∈N

the set of generating cofibrations, where S−1 = ∅. An m-cell attachment to
X is the pushout of some im ∈ I along a map φ : Sm−1 → X:

Sm−1 X

Dm X ⊔Sm−1 Dm.

φ

im

A map f : X → Y is a relative cell complex if it is given by a sequence (possibly
infinite) of m-cell attachments of the form

⊔jS
mj−1 Xk−1

⊔jD
mj Xk,

⊔jimj
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as
X = X0 → X1 → X2 → · · · → Y = lim−→

k

Xk.

Definition 2. Top admits a model structure TopQ. A morphism in TopQ is:

1. a weak equivalence if it is a weak homotopy equivalence;

2. a fibration if it is a Serre fibration;

3. a cofibration if it is a retract of a relative cell complex.

Definition. Top∗ admits the model structure Top∗Q. If U : Top∗ → Top is the forgetful
functor, (X, ∗) 7→ X, then f ∈ W (Top∗Q) (respectively in Fib(Top∗Q),Cof(Top∗Q)) if
and only if Uf ∈ W (TopQ) (respectively in Fib(TopQ),Cof(TopQ)).

Definition 3. The simplex category ∆ has objects [m], m ∈ N, where we think of [m]
as the totally ordered set {0 → 1 → · · · → m}; morphisms are non-decreasing maps. A
simplicial set S is a functor S : ∆op → Set. Simplicial sets form the category sSet.
There is a functor ∆ → sSet sending

[m] 7−→ ∆[m] := Hom∆(−, [m]) : ∆op → Set.

Definition 4. The topological n-simplex is

∆n :=
{
x ∈ Rn+1

∣∣∣ ∑ixi = 1, xi ≥ 0 ∀ i
}
.

In low degrees: ∆0 = {∗}, ∆1 = I, ∆2 is the topological triangle, and ∆3 is the topological
tetrahedron.

Definition. For X ∈ Top, a singular m-simplex of X is a map σ : ∆m → X. Define
the set of singular m-simplices of X as

Singm X := HomTop(∆
m, X).

The assignment [m] 7→ HomTop(∆
m, X) is contravariant in [m] via precomposition, and

defines a functor SingX : ∆op → Set, i.e. a simplicial set. This is the singular simplicial
complex of X. The construction is natural in X, giving a functor Sing : Top → sSet.

Definition. Sing : Top → sSet admits a left adjoint |-| : sSet → Top, S 7→ |S|, called
geometric realization. In particular |∆[m]| = ∆m.

Definition 5. For 0 ≤ i ≤ m, the (m, i)-horn is the simplicial subset

Λi[m] ↪→ ∆[m],

where, recalling that ∆[m] : ∆op → Set sends [k] to Hom∆([k], [m]), the subset Λi[m]
consists of those non-decreasing maps α : [k] → [m] such that α ([k]) ∪ {i} ̸= [m].
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Definition 6. A map φ : S → T in sSet is a Kan fibration if it has the right lifting
property with respect to all horns, i.e. every solid-arrow square

Λi[m] S

∆[m] T

φ

admits a diagonal filler.

Definition 7. The category sSet admits a model structure sSetQ. A morphism φ : S →
T in sSetQ is:

• a weak equivalence (φ ∈ W ) if |φ| : |S| → |T | is a weak homotopy equivalence in
TopQ;

• a fibration if φ is a Kan fibration;

• a cofibration if φ is a monomorphism, equivalently a degreewise inclusion.

Quillen functors and adjunctions
Definition 8. Let C and D be model categories.

1. A functor F : C → D is a left Quillen functor if:

• F is a left adjoint, and

• F preserves cofibrations and trivial cofibrations.

2. A functor U : D → C is a right Quillen functor if:

• U is a right adjoint, and

• U preserves fibrations and trivial fibrations.

3. Let F ⊣ U , with F : C → D and U : D → C, and let φ : D(FA,B)
∼−→ C(A,UB) be

the adjunction isomorphism. The triple (F,U, φ) is a Quillen adjunction if F is
a left Quillen functor.

Lemma 9. (F,U, φ) is a Quillen adjunction if and only if U is a right Quillen functor.

Total derived functors
Definition 10. Let C, D be model categories.

1. If F : C → D is a left Quillen functor,

LF : HoC
HoQ−−−→ HoCc

HoF−−−→ HoD

is the total left derived functor of F . For a natural transformation τ : F → F ′ of
left Quillen functors, the total left derived natural transformation is (Lτ)X :=
τQX .
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2. If U : D → C is a right Quillen functor,

RU : HoD
HoR−−−→ HoDf

HoU−−−→ HoC

is the total right derived functor of U .

Remark. To define LF it suffices that F send weak equivalences between cofibrant objects
to weak equivalences in D. Vice versa for RU .

Lemma 11. Let (F,U, φ) : C ⇄ D be a Quillen adjunction. Then there is a derived
adjunction

HoC HoD,
LF

RU

with Rφ : HoD(FQX, Y )
∼−→ HoC(X,URY ), and we write L(F,U, φ) = (LF,RU,Rφ).

Definition 12. (F,U, φ) is a Quillen equivalence if for every cofibrant X ∈ Cc and
every fibrant Y ∈ Df ,

f : FX → Y ∈ WD ⇐⇒ φ(f) : X → UY ∈ WC .

Proposition 13. (F,U, φ) is a Quillen equivalence if and only if L(F,U, φ) is an adjoint
equivalence HoC ≃ HoD.

Definition 14. A functor F preserves a property P for morphisms if f ∈ P ⇒ Ff ∈ P .
A functor F reflects P if Ff ∈ P ⇒ f ∈ P .

Corollary 15. The following are equivalent for a Quillen adjunction (F,U, φ):

1. (F,U, φ) is a Quillen equivalence.

2. F reflects weak equivalences between cofibrant objects, and for every fibrant Y ∈ Df

the composite
FQUY

F (qUY )−−−−−→ FUY
εY−−→ Y

is a weak equivalence.

3. U reflects weak equivalences between fibrant objects, and for every cofibrant X ∈ Cc

the composite
X

ηX−−→ UFX
U(rFX)−−−−−→ URFX

is a weak equivalence.

Theorem 16. The adjunction |-| ⊣ Sing,

sSetQ TopQ,
|-|

Sing

is a Quillen equivalence. In particular, Ho (sSetQ) ≃ Ho (TopQ).
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